We observe that the DGLAP evolution equations at NNLO analysis predicts a ratio of the structure functions in region of small Bjorken variable x. The ratio FL(x, Q 2 )/F2(x, Q 2 ) is obtained and compared with the prediction of the dipole model and HERA data. In particular we show that this ratio is lower than dipole model bound at high-Q 2 values and it is higher at low-Q 2 values . Then the effect of adding a higher twist term to the description of the ratio FL(x, Q 2 )/F2(x, Q 2 ) for Q 2 < 20 GeV 2 is investigated. Also the bounds are discussed by including charm distribution on FL/F2. We discuss, furthermore, how this ratio can be determine the proton structure function with respect to the reduced cross section at high-y values.
Introduction
Measurements of the inclusive deep inelastic scattering (DIS) cross section have been pivotal in the development of the understanding of strong interaction dynamics [1] [2] [3] [4] [5] . The cross section in this measurement depends on two structure function F 2 and F L . Indeed these functions are depend on the kinematic variables x and Q 2 . The structure functions obtained from these experiments have helped develop the description of hadrons. Hadrons are composite objects from the quarks and gluons at low and high-x values. The longitudinal structure function
2 ) is the transverse structure function and it can be expressed as a sum of the quark-antiquark momentum distributions xq i (x) weighted with the square of the quark electric charges e i : F 2 = x i e 2 i (q + q). Also F L is directly dependent on the gluon distribution and it is proportional to the running coupling constant α s . In the one-photon exchange approximation the neutral * Electronic address: grboroun@gmail.com; boroun@razi.ac.ir † Electronic address: brezaei@razi.ac.ir current reduced cross section is defined as
where Y + = 1+(1−y) 2 , y = Q 2 /xs is the inelasticity and s is the center-of-mass squared energy of incoming electrons and protons respectively. The transverse and longitudinal structure functions, F 2 (x, Q 2 ) and F L (x, Q 2 ) , are related to the transverse and longitudinal virtual photon absorption cross section, σ T and σ L . It is convenient to define the structure functions as follows
Where the contribution of F L to reduced cross section ( Eq.(1)) is significant only at high value of the inelasticity y, in spite of the fact that data on F L are generally difficult to extract from the cross section measurements.
In the first approximation of the parton model, the longitudinal structure function is equal identically zero but in actual DIS experiments should be nonzero since it arises from gluon corrections. Therefore F L (x, Q 2 ) behavior is dependence on values of Q 2 . This behavior in the dipole picture [6] for DIS F L is nonzero. In the dipole model a strict bound for the ratio of
Based on the dipole formulation of the γ * p scattering [9] , the standard formulae for F 2 and F L are defined by
T,L are the probability densities for the virtual photon splitting into apair and σ is the dipole cross section which describes the interaction of the dipole with the proton. This cross section depends on r where it is the transverse separation of the quarks in the quarkantiquark pair, and ξ is an energy variable in this formalism. The bound for the ratio
where m q is the mass of the quark q. It was shown in literatures that for all Q ≥ 0, r ≥ 0 and m q ≥ 0 the bound (5) for the ratio F L /F 2 is valid. The paper is organized as follows. In section 2 we describe a formalism for the solution of DGLAP evolution equations [12] at NNLO analysis. We suggest an evolution method for the ratio
Then the ratio FL F2 from the Altarelli-Martinelli equation [13] would be obtained and compared with HERA data and with the color dipole model bound. The results and discussions of our predictions presented in section 3.
A connection between the structure function from the DGLAP evolution equations with the color dipole model (CDM) discussed in this section. Then allows one to draw conclusions about the role of higher twist effects in the ratio of structure functions. An influence of heavy quark contribution to the ratio F L /F 2 is discussed in section 4. We conclude in section 5.
Formalism

The ratio
The DGLAP evolution equations for the singlet and gluon density in the standard form are given by
which emphasized that quark and gluon densities are coupled. The convolution express the possibility that a parton i with momentum fraction x may originate from the branching of a parent parton j of the higher momentum fraction y (P ij is the splitting function) and is defined by
. The singlet quark density of a hadron is given by
where q i and q i represent the number distribution of quarks and antiquarks and N f is the number of effectively massless flavors. Evolution equations for the singlet quark and gluon distribution can be written as
where
2 ) = xg(x, Q 2 ) are singlet and gluon distribution functions. Some analytical solutions of the DGLAP evolution equations have been reported in recent years [14] [15] [16] with considerable phenomenological success. In the evolution equations, the splitting functions P , ij s are the LO, NLO and NNLO Altarelli-Parisi splitting kernels [17] as
Here P,P qg , P gq and P gg are the quark-quark, quarkgluon, gluon quark and gluon-gluon splitting function respectively. Indeed Pcan be expressed as
ns + P ps which the non-singlet splitting function P + ns is negligible at low-x and can be ignored. Therefore at low values of x, the pure singlet term P ps dominates over P + ns . Also the gluon-quark (P gq ) and quark-gluon (P qg ) are given by P qg = N f P qig and P gq = P gqi where P qig and P gqi are the flavorindependent splitting functions. The running coupling constant α s /2π at NNLO analysis has the following form as
where −λs and G∼x −λg . The behavior of exponents, with a Q 2 independent value, obeys the DGLAP equations when x −λs,g ≫ 1. This behavior at small-x is well explained in terms of Regge-like ansatz [18] . In this region, the Regge behavior of the singlet and gluon distributions are corresponding to a pomeron exchange. Let us take the power law behavior
We note that exponents λ s and λ g are given as the derivatives:
With respect to the DGLAP evolution equations (i.e. Eqs.8) and used the Regge like behavior in r.h.s of Eqs.8 we have:
These equations can be rearranged in the convolution forms as we have
Inserting Eqs.11 in l.h.s of Eq.13 then we obtain the ratio DGLAP equations into an explicit relation between the singlet and gluon distribution as
Here λ s and λ g are taken as hard trajectory intercepts minus one [19] . To solve Eq.(14) one needs to define an relation between the exponents and distribution functions as
2 ) respectively [20] [21] [22] . Thus we can rewrite Eq. (14) for obtain a general relation between the singlet and gluon distribution functions. Therefore a second-order equation is obtained for the ratio K(x, Q 2 ) in the following form
where,
2 ) are given in Appendix A. Indeed Eq.16 leads to the actual function form of K(x, Q 2 ) for the ratio G/F s 2 .
Now we consider the ratio
F2(x,Q 2 ) with NNLO coefficient functions. In perturbative quantum chromodynamics (pQCD), the longitudinal structure function is proportional to hadronic tensor as it can be expressed by the convolution of partonic structure functions. The longitudinal structure function F L (x, Q 2 ) of proton in terms of coefficient functions can be written as [23] 
The average squared charge is presented by < e 2 > and q ns stands for the usual flavor non-singlet contribution. This contribution can be ignored safely at low-x values and q s = N f (q + q) is the flavor-singlet quark distribution. The perturbative expansion of the coefficient functions can be written as
Note that the coefficients up to NNLO are exhibited in compact form in Ref. 23 and also the singlet-quark coefficient function is decomposed into the nonsinglet and a pure singlet contribution.
On the basis of power-law behavior for the gluon and singlet distribution functions, let us substitute this behavior in Eq. (17). Thus Eq. (17) is reduced to the ratio
as we have
is taken from Eq.(16). This equation (i.e., Eq.(19)) demonstrates the close relation between the ratio structure functions and the color dipole model bound. It is now possible to consider the proton structure function from the reduced cross section on the right-hand side of Eq.(1). Substituting Eq.(19) into Eq.(1), as
This result shows that the proton structure function at x − Q 2 region can be determined using the kernels at high-order corrections and the reduced cross section available data. Typically, in HERA experimental data the ratio of the structure functions is defined by R(x, Q 2 ), as F L /F 2 = R/(1 + R). Also it may be achieved this ratio via the DGLAP combined evolution equations. Therefore the proton structure function is expected to determine (using Eqs. [19] [20] at some of points which did not report in experimental data. This procedure requires only the reduced cross section and kernels in evolution equations with respect to the effective intercepts.
Result and Discussion
In this paper, we obtain the ratio
2 ) and the proton structure function at NNLO analysis respectively. The analysis is performed in the range 10 −5 ≤ x ≤ 10 −2 and 1.5 ≤ Q 2 ≤ 150 GeV 2 . We should first extract the ratio G/F s 2
in Fig.1 with τ variable where τ =
Here
and λ = λ s . The effective exponents for gluon and singlet distributions are defined with an exponent of λ g = 0.424 and λ s = 0.327 respectively [18] . These values are compatible with other results [19] . Also this ratio is plotted in Fig.2 
, with respect to Eqs. (16) and (19) , is calculated and presented in Fig.3 . In this figure the ratio of the structure functions compared with the H1 data [1] and with the result obtained by the color dipole model bound [10] . The error bars of the ratio 
where ∆F L and ∆F 2 are collected from the H1 experimental data in Ref. [1] . The good agreement between this method and the experimental data indicates that our results has a bound asymptotic behavior and it is compatible with the color dipole model bound. In Ref.
[3] the measured structure functions and 3.5 ≤ Q 2 ≤ 45GeV 2 . We know that the color dipole model has been described for virtual photon-proton scattering at low x and low Q 2 values. In color dipole model the ratio R lead to the bound R ≤ 0.372 [7] . This value decrease when another approaches were developed to describe the dipole-proton cross section, such as IIM and B-SAT. Where the first one is a model based on the colour glass condensate approach to the high parton density regime and the another one is a model with the generalised impact parameter dipole saturation respectively [9] . In Ref. [24] ZEUS Collaboration is shown that the overall value of R from both the unconstrained and constrained fits is R = 0.105
. In both the DGLAP and the dipole models the structure function F L and the ratio of the structure functions can be calculated. It is thus of interest to compare predictions of the different models with the data. For high Q 2 > 10 GeV 2 , theses models agree with the data but for lower Q 2 values, there is a significant difference between the predictions. Indeed authors of Ref. [11] have shown that for realistic dipole-proton cross-section the bound is reduced from 0.27 to 0.22. With respect to this method we can see from Fig.3 which the ratio structure functions lie below the EMNS bound at moderate and high values of τ , and it is comparable with the EMNS bound at low values of τ . In this region the data indicate a decrease of the ratio FL F2 for small values of Q 2 , as we do not expect for evolution equation predicted with respect to the singlet and gluon distribution behavior. This behavior allows us to speculate that there may be a need for QCD resummations beyond the conventional DGLAP equations or the need for non-linear evolution equations which take account of gluon recombination and the possibility of gluon saturation. Such effects can be described by non-linear evolution equations including higher-twist corrections at low -x values [25] [26] . The expectation is that such terms are important for the longitudinal structure function but not for the structure function F 2 . Indeed the introduction of higher-twist terms is one possible way to extend the DGLAP framework to low Q 2 values. Such terms have been introduced at low-x values since, for the kinematics of HERA, low Q 2 is only accessed at low x. To better illustrate our calculations at low Q 2 , we added a higher twist term in the description of the structure functions, for HERA data on deep inelastic scattering, at low x and low Q 2 values. It can be clearly seen that our predictions with respect to the higher twist (HT) analyses are comparable with data at this region. The leading twist perturbative QCD predictions of the structure functions F 2 and F L augment by a simple higher twist term such that
where A HT 2 = 0.12 ± 0.07 GeV 2 and A HT L = 5.5 ± 0.6 GeV 2 are free parameters at NNLO [25] [26] . Using the HT terms in Eqs.16 and 19, we can evaluate the HT corrections to the ratio G/F s 2 and F L /F 2 as we have
and
The results are shown in Fig.4 . In this figure the HT predictions of the ratio Having checked that the ratio method obtained reproduced satisfactorily the existing DIS reduced cross section on the electron-proton collisions in upper x domain at fixed Q 2 values. We shall now use it to make predictions for these values as expected there are no data for electron-proton collisions in this region. The results are depicted in Table I. In this table we compared figure 7 and compared with H1 2011 data [3] as accompanied with total errors. We see that all predictions are consistent with the large y data.
Heavy flavor contribution
As our further research activities we hope to study the ratio of structure functions to get an analytical solutions for heavy quark contributions of the structure functions. When the virtual photon interacts indirectly with a gluon in the proton then a heavy quark pair produced via the direct boson-gluon fusion processes. At low-x this behavior is related to the growth of gluon distribution via the g → q H q H (H = c, b) transition [27] [28] . Then the perturbative predictions for F L (x, Q 2 ) at the N f = 3 light quark flavor sector and heavy contribution can be written as
Also the heavy quark contribution to the total structure functions is
where 'light' refers to the common u; d; s (anti)quarks and gluon initiated contributions at fixed flavor number scheme. The heavy quark contributions at small-x are given by
Here e H denotes the heavy charge and m H denotes the heavy quark mass [2] . The lower limit of integration is given by y min = ax = (1 + 4
Q 2 )x and the mass factor-ization scale µ which has been put equal to the renormalization scale is assumed to be either
when m
not only mentioned earlier in Eq. (19) for N f = 4 but also it will be consider here for N f = 3.
The ratio of the heavy flavor structure functions are described by a convolution between the gluon distribution and the heavy Wilson coefficients as we have
In Table II the effects of heavy quarks on the ratio of structure functions are considered. We observe that the bottom quark effect on the ratio is negligible in the wide range of Q 2 values. In the present analysis we use m c = 1.3 GeV and m b = 4.5 GeV , therefore
In Table III we observe that the bound is changed when the inclusion charm mass effects is going in the bound. The charm effects in the bound of ratio show that in the wide range of Q 2 values we have this behavior as
We note that the ratio F L /F 2 in N f = 3 + c is approximately equivalent to the ratio in N f = 4 at high-Q 2 values. A comparison of the various contributions to the ratio shows that for low-Q 2 values the charm quark contribution in the ratio is about 12% or less. Therefore the charm effect in the bound decrease as Q 2 increases. Indeed the ratio bound is lower than EMNS bound when the charm mass effects are taken into account.
Conclusion
In this paper we have found that there is in general an analytical relation between the gluon distribution function and singlet structure function at low x region into the effective exponents. The ratio of the structure functions into the DGLAP evolution equations at small x at NNLO analysis is studied and compared with EMNS bound in this region. Results are comparable with the experimental data and they are lower than EMNS bound at high-Q 2 values. Our results are very close to the bounds for low-Q 2 values as we have discussed the meaning of these findings from the points of view of higher twist terms added to the structure functions. Having checked that this model gives a good description of the ratio F L /F 2 then we predict F 2 (x, Q 2 ) with respect to the reduced cross section measured in HERA collisions. We observed that the general solutions are comparable with the available experimental data. Finally we discussed the charm quark effects in bounds at high and low-Q 2 values.
Appendix A
The explicit forms of the functions
where the strong coupling constant α s and splitting functions up to NNLO are given in Ref. [14] . Our results
FIG. 7:
The proton structure function F2(x, Q 2 ) for Q 2 = 8.5 GeV 2 compared with H1 data [3] where accompanied with total errors. 
